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Abstract

Prediction of the infectious disease is a potential research area from the decades. With the progress in medical
science, early anticipation of the disease spread becomes more meaningful when the resources are limited. Also
spread prediction with limited data pose a deadly challenge to the practitioners. Hence, the paper presents a case
study of the Corona virus (COVID-19). COVID-19 has hit the major parts of the world and implications of this virus,
is life threatening. Research community has contributed significantly to understand the spread of virus with time,
along with meteorological conditions and other parameters. Several forecasting techniques have already been
deployed for this. Considering the fact, the paper presents a proposal of two Rolling horizon based Cubic Grey
Models (RCGMs). First, the mathematical details of Cubic Polynomial based simple grey model is presented than
two models based on time series rolling are proposed. The models are developed with the time series data of
different locations, considering diverse overlap period and rolling values. It is observed that the proposed models
yield satisfactory results as compared with the conventional and advanced grey models. The comparison of the
performance has been carried out with calculation of standard error indices. At the end, some recommendations
are also framed for the authorities, that can be helpful for decision making in tough time.

Keywords: grey system theory (/search?q=grey+system+theory); Mean Absolute Percentage Error
(/search?g=Mean+Absolute+Percentage+Error); forecasting (/search?q=forecasting); grey forecasting
(/search?qg=grey+forecasting)

MSC: 60G25; 68U01

1. Introduction

COVID-19 or coronavirus is rapidly spreading all over the world since its first case in December 2019 at
Wuhan city, China. The initial symptoms are similar to viral pneumonia, which can be further converted into severe
respiratory disease or even lungs failure. The virus named as SAES-CoV-2 is very infectious and easily
transmissible [1] and thus became a threat to society. Due to its exponential infectious rate, it is challenging task to
treat infected persons [2] and stop the spread further. Despite all types of safety measures like social distancing,
washing hands regularly, proper sanitization, and use of mask to cover nose and mouth, a large number of cases
are reported worldwide creating panic among people. Under these severe conditions, it has been declared a global
pandemic by world Health Organization [3].
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rﬁhiﬂa/ the first infection of coronavirus has came in light on 30 January 2020 and after that, it spread in
I w’ ery city although rural areas remain safe. Later-on, the spread became hazardous as till 28 May 2021,
thef&Sre 2,343,152 active cases recorded out of which 318,895 have lost their lives. This create a lot of stress and
preﬂre on health officials and administration as they are doing multitasking works. To treat the infected, proper
vaceiration, arrangement of various safety measures at work places and common places and prepare policies for
futuse,are among top priorities. Scientist community did not left behind this crucial time and many researcher use
foreggsting techniques as a powerful boon to predict the future conditions [4,5].
orecasting, became a new research tool in recent years and widely used in almost all areas of social
SC|ei s like economics, energy prediction and energy demand, engineering, air pollution, recommendation

Discuss in

systems, control systems retall fashlon etc. Refs [6 7,8,9,10,11, 12 13,14] are some fine examples of apphcatlon of

. e e ), ANN (Artificial Neural Network), SVR (Support Vector Machlne) etc.,
WW&W%W%% of large sample size
fqlltin a, specific distribution model at early stages. It has became more difficult, when facing the pandemic like
COMb-19. A time series based prediction has been conducted for Canada. The research employed Long short-
ter emory (LSTM) network for carrying out the prediction [15]. Auto Regressive Integrated Moving Average
(ARIMA) based models are employed for prediction of the COVID-19 in five countries namely US, Brazil, India,
Russia and Spain [16]. A rich review of forecasting model pertaining to COVID-19 has been presented in paper
[17]. A comparative analysis of strength and weakness of different forecasting models has been presented in the
paper. The analysis conducted in the paper inherent problems pertaining to limited data availability (Deep learning
algorithms), stability of the ARIMA models and black box characteristics of Artificial Neural Networks.

Grey prediction theory proposed by Prof. J. Deng [18], is the best tool to approach problems having limited
data with uncertainty. It can be said that grey model employs local information and act as a local predictor. Grey
theory works as a transform model as it transform the unknown data into consistent data. This transformation has
done through Accumulation Generation Operator known as AGO. The main objective of Grey theory is to provide a
real time based non-functional model which can replace the regression and stochastic models while dealing with
poor and hidden data. Recently some authors approached Grey models for forecasting due to their accurate
prediction and practical approach. Halis Bilgil [19] proposed an exponential Grey model to forecast the prediction
no of new cases, recovered cases and no. of deaths from COVID-19 in Turkey. In [20] authors developed a grey
forecasting model enabled with quadratic terms to predict about the COVID-19 impact at early stages in China. A.
Saxena [21] used optimized Grey prediction model for forecasting about the pandemic using the data of four
different states of India. Similarly Particle Swarm Optimization is used in [22] to optimized the results provided by
GM(1,1) and others.

GM(1,1) [23] model has considered as the classical grey model due to its accuracy and practical approach.
Cui and others [24] proposed NGM having a linear function of time in the whitening equation. This model is further
improved as NGM(1,1,k,c) [25] by adding a constant term in RHS component of whitening equation. A kernel
based model is introduced in [26] to increase the accuracy and application areas of NGM. A novel discrete Grey
forecasting model known as DGM has been developed for further improvisation in existing grey models in [27,28].
Some multivariable grey models are also proposed as an extensions of earlier grey models in [29,30,31]. However,
GM(1,1) model provide very good results with homogeneous data set only. Some models which can deal with non-
homogeneous terms also provide large amount of errors with some specific sequences. Some very useful
experimentation for the prediction of market clearing price is showcased in references [32,33]. Further the rich
review of forecasting methods has been presented in reference [34]. Also come of the approaches used grey
model in financial transactions [35].

The parameter of grey action term is also an important factor which fluctuate the accuracy of prediction using
grey models. Some recent approaches also employed, advance meta heuristic approaches for tuning the
parameters of grey model. In [36] cuckoo search algorithm is used to select the optimal value of grey parameter.
Similarly Whale Optimization Algorithm has been applied in [37] to find the best suitable value of nonlinear
parameter.
https://www.mdpi.com/2227-7390/11/2/490 4/23
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A/Henc , o overcome these weaknesses, we proposed a grey model (RCGM), which has a negative term in its
whi m;L

(1)
MQDPI quation and act as a corrector while dealing with specific data sequence. This literature review clearly
indicates that scope of improvement is always available.

Ence, the research directions of developing the new grey models can be identified as follows:

Q =

. C%znge in accumulation operator
« CB3nge in back ground value information
« Ti@nsformation of the series into a new one in order to deal with negative data.

!,lence, It is pragmatic to state that a new model that possess better matching quality (or mechanisms
digegssed above) of limited data availability can be potential area of investigation. On the basis of the critical

SciProfiles

revigpwa deapretlideckiipiigiaisersarch objectives for this work

groups/public/10.3390/math110204907? _ o _ _
1. Tadevelor aaliaacimEatb ared ahevpmasielian eniilicatipnighlael Corana gk iases in a span of week.

2. To establish mathematical framework of Cubic polynomial driven grey model by analysing the response and
| rlblematical induction. »
3. f&Present a comparative analysis of developed models with some known grey models and evaluate the

pjllbrmance with the calculation of various error indices.
4. danframe the recommendations on the basis of forecasting results for authorities to take preventive steps for
combating Corona effectively.

Paper Structure

Remaining part of this paper is organized as follows: in Section 2, development of grey models is explained.
In Section 3, results of the proposed models are exhibited and last but not the least some future directions along
with conclusions of the study are presented in conclusion section. Figure 1, shows the basic philosophy adopted in
this research work.

| Developmentof Cubic Polynomial |
base Grey Model. :

e basis
of Error Computation of
Developed Models

Figure 1. Paper structure.

2. Development of Rolling Horizon Grey Model Comprises with Cubic Polynomial (RCGM)
2.1. Details of Conventional Grey Models

This subsection provides a general outlook of some well known Grey models and their mathematical
equations, which will be used further in this paper

1. GM(1,1) model: The classical GM(1,1) model is also known as the basic foundation model of grey theory and
widely used in the forecasting of data with uncertainty. This model comprises of differential equation varying with
time for variance of parameters. The basic equation of this model is

dy(l) ()

D) =b (1)
TR A

https://www.mdpi.com/2227-7390/11/2/490 5/23
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'[Phéspei} (gnce based on time series is given by
UpFLs
Share

b\ b
~1) N (I N
- 7V (k+1) = (y (0) a)+a Q=02
Help
L1 7 (k) = e (y‘” (0) - g) (e =1) ©)

Cite
2. [H/I(1 ,1) model: The mathematical terms of discrete grey model (DGM) proposed in [27,38] are given by

Discuss in

SciProfiles (1) k+1) = (1) k b 4
(https:llsciprofiIes.com/dis]éus io4r;- ) =ay (k) + “

groups/public/10.3390/math110204907?

utm_source=mpdi.com&utm_medium=publicati in\ campaign=discuss_in_sciprofiles)
vkt =ayT O+ T b ©

<y

Endorse

3.NGM(1,1) model: The grey differential equation of NGM [25] is

Comment y(o) (k) + LIZ(D (k) =kb+c (6)

The time response equation is given by

b b c b b c
7D = [y T P ) S
y o (k) (y ) - + = a)e + ak = + p; (7)
and the restored value is given mathematically as
b b ¢ b
=~(0) _ (1) _Z _ v _aN,—ak 4 Y
y (k) = (y D)=+ a)<1 e + - ®)

4. QGM model: This nonlinear grey model was first proposed by [20] and provide higher prediction accuracy than
previously proposed model. The whitenization differential equation of QGM model is represented by

dy(l) )

= +ayV (t) = bt* +ct+d )

The time response term and restored values can be given as

b b b c c d b
7P — (-2l 2 _C AN kY 2
vy (k+1) (y (0) p +2a2 2113 p +a2 a)e +a(k+1)

b c b c d
(2= - )k+1) +2—= - =+ =
(,12 a>(+)+ e a2+a
—~0 b b b c o ad\ _i p
y()(k+1):(y(l)(O)—;+2a—2—2a—3—E+a—2—E>€ (k 1)(6 —1)

b b b an
27 (k+1)— - -2+ 5
a a a a

In recent years, grey models have been developed on several theories such as change in accumulation
operators, transformation of the series to some other hyper space and incorporation of different background value
modification techniques. In this work, we first explain some terms.

https://www.mdpi.com/2227-7390/11/2/490 6/23
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; Let us assume initial sequence as

Definition 1
/
Tidbéi?
1O _— ;0 (1),i0 (2),---i0 ()
Q =

Share
(W)

whera all terms of the sequence are taken non-negative.

,7;he one time accumulated generating term is given by
Cite
- Iy =10 @, @), i () (13)
|
Discuss in
(14)

SciProfiles

r
(https://sciprofiles.com/discu n#0) (G),r=1,-n

qroup&lpublicﬂ0.3390/maf}rl\110291490?
utm_source=mpdi.com&utm_medium=publication&utm_campaign=discuss_in_sciprofiles)
Definition 2. The inverse process of finding the accumulated generation sequence can be given as
¢ Eld e sequence mean of 158)” can be given as »
= Z0 =20 1,20 @),z () (15)
Comment
where
iV k) +iP (k-1
ZW (k) = ®) 5 ( >fork =21 (16)

2.2. Rolling Horizon Based Cubic Grey Model (RCGM)
The first order linear differential equation known as whitening equation of proposed model GMCP is given by

diV (¢
ld—t() +ai® (1) = af + B + 9t +0 (17)
where a is the development coefficients and right hand side term is known as grey action quantity of grey model.
It can be easily observed that when « = 0, the GMCP model reduced to QGM model. When a = 0, 8 = 0, it
reduced to NGM(1,1,k,c) model. On puttinga = 0, 8 = 0,y = 0, one can find the classical GM(1,1) model.

Theorem 1. If ym) (r) is a term of the non-negative sequence and zV (r) is the rth term of mean sequence

ZM (r) defined by (16) then
i0 ) +az® (r) :uc(r3—§r2+r— %)+,B(r2+r— %>+’y<r— %)+5 (18)

Proof. Integrating the whitening equation defined in (17) both sides w. r. to t between the interval [r — 1, r]

r diH () D r r r r
@ b |dt = j Bt + j £2dt + j tdt+5j dt 19
J;—l [ dt * ( )] . r—1 ‘B r—1 7 r—1 r—1 19)
which gives us
iO@) +a j +iW (1 dt =
r—1
(7’4—(1’—1)4) (r —(r—1)°) (= (r—1)%)
(20)
« 1 + B 3 + 3 +4
7123
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us@ g7oidal formula [l iV (ydt = w =z (r) and after some simplification, we have the
RH§h

Theorem 2. If the initial sequence and its inverse accumulated sequence is given by Definitions 1 and Z~pnd_the
meuequence is represented by (16) then the values of parameters a, a, B, v and & in terms of matrix A and X are

eorem 1. o

givetiby
L)
cite (a,a,8,7,6)" = (ATA)'ATX (21)
=
WIE@[L@S in
SciProfiles
(https:/isci groflleg .com/discussion- 7 3 1
groups/public/10 3%90/math110‘720490'? 3 g L
utm_squrc —m5d3 com&utm_medium= Dubllcatlan&utm ca_r_npalqu— iscuss_in_sciprofiles) (22)
4 1 3 3 2. 1 2 ) 1 ’ 1 14
Elnge —z (1) (r—zr +r—z) (r —r+§) (r—E) 1
andll
Comment
i°(2)
0
x=|"® (23)
0 (r)
Proof. Using the concept of mathematical induction on taking r = 2,3, --- n in Theorem 1, we find
0 e
i0(2) = + 1 oc+ ﬂ+27t+5
:0 — _4~3) 77 7 2
i®(3) = —az' +4a 3ﬁ+2“rf+5 (24)
io(n)z—az(”)+(n3—%n2+n— Ja+ (n* —n+ ),8+( %)’yt+5
On expressing the above system of linear equations in matrix form we obtain
1 15 z 3 a ‘
z (2) 4 3 2 1 N i°(2)
—71 i n 5 0
z'3 1 3 ;L gl=1|" f3) (25)
_1:( (P=-2r+r-1) 2_'+1) _'1)1 7 io(.n)
zr)r;rrz<rr§(r§ 5
O
Theorem 3. The time response sequence of proposed model GMCP is given by
iV (1) = e (10 (0) + P) + Sp3 - (3— - é)ﬂ + (6i PV Z)r— Q (26)
a a a a3 az a
and its restored value is
’\(0> —a(r-2 .(1 n 2 30( IB
i () =e 2 (i (0) + P) + 5(37 —3r-1)- - Q2r-1+Q (27)
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Prt!.] The general solution of whitening equation can be obtained easily from the theory of first order ordinary
diffévential equation and given by
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p lﬁ)w using the formula of simple integration, we can easily get >
Endorse
i P= e (10 0) + P) + S~ (3ﬁ _ é)tz + (6i PV Z)t ~Q 31
a az a a3 gz a

Comment

we can easily obtained its restore value by using the relation i® (r) = {10 (r) — iV (r — 1).
To examine our proposed model we have used Mean Absolute Percentage Error (MAPE), Absolute
Percentage error (APE) and Mean Absolute Error (MAE) defined as

« Mean Absolute Percentage Error

n | =0 —_ 4,00
MAPE = = E -y~ O
n r=1 y(O) )

x 100

« Absolute Percentage Error

v ) =32 @)

APE =
yO (n

x100 r=2,3-n

e Mean Absolute Error
1 u —~(0)
MAE = —— — O

e Mean Square Error

MSE = 3 (0 () -7 )

r=I

Here n = total no of data points, y® (r) = actual value and ?O) (r) = predicted value.
O

2.3. Development of Rolling Cubic Grey Model (RCGM)

In this section, we explain the development of the rolling horizon based cubic grey model for prediction of
covid cases at different locations of India. For constructing these models infected case values of a week are
chosen and the mean values of the infected cases of this duration are considered as the element of time series.
For obtaining second element of the time series, the values of infected cases are rolled to two places for model-|
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anf/dﬂe IIace for Model-Il as shown in Figure 2. In the figure, the yellow boxes show the rolled values of infected
ca &D\Ei&

i}

her, the construction of the time series data can be understood by reading the values from Table 1. The
datghabreresented in this work has been taken from reference [21]. The time series constructed on the basis of rolling
horn of a week data of infected cases at different locations of India [39,40]. =
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ﬂ Figure 2. Proposed Rolling horizon based Grey Forecasting Models.
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Table 1. Construction of Rolling Grey Models-I and Il [21].

This table shows the relevant statistics for construction of the time series data for three different states and
Capital. The column entries under first element shows the mean values of infected cases during the mentioned
time period for different states. Like wise, last entry of the time series is shown under last element. For example, for
state of Maharashtra the first element of the time series of the model-l mean values of 6 April 2020 to 12 April 2020
and the mean values of infected cases between 26 the April-2020 to 5 May 2020 will be the last value for time
series. The data presented in this work has been taken from reference [21]. The time series constructed on the
basis of rolling horizon of a week data of infected cases at different locations of India [39,40].

2.4. Discussion

Normally grey models are employed for the forecasting of the variable that contains exponential component.
Corona spread between the duration mentioned in Table 1, observed an exponential increment during the period of
time. Hence, application of rolling models on this particular duration for dealing with non-linearity is very helpful in
prediction on the other hand exponential trend makes the model more compatible for prediction the spread. From
the reference [21], it has been observed that the presence of monotonically increasing exponential component in
the data pattern , the grey models are applicable on these data sets. Hence, the mechanisms that can improve the
internal prediction capability of grey structure can substantially enhance the prediction.

Motivation of the two models has been taken from the reference paper of COVID-19, where the article
showcases the impact of different windowing and overlap period. Further, we directly implement our algorithm from
the results and discussions from the paper. We also argue whether the same results are obtained with the
philosophy. Hence, the two models by considering the same overlap period are proposed in the work with
optimized cubic grey model.
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Pl L0
ﬁ\t%e basis of framework developed in previous section, in this section we present a comparative analysis of
theﬁ)posed model with some contemporary models such as GM(1,1) and NGM model. Following are tf@\s@ent
feat®®s of this analysis: a. Establishment of the efficient architecture on the basis of calculation of error indices.
Calc%f'ation of the mean values of infected cases in the state of Rajasthan, Gujarat and Maharashtra and Capital of

Indi YDelhi).

Cite
3.1."Model |

-‘Rlasults of model-lI are shown in Table 2, Table 3 and Table 4. From the results shown in tables following

Discuss in

paigtsiean be concluded:
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groups/public/10.3390/math110284382. Predicted values from Delhi data Model |.
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Table 3. Predicted values from Maharashtra data Model I.

Table 4. Predicted values from Rajasthan data Model I.

1. For obtaining the results of Model-I, the time series is constructed with overlap period of five days and a rolling
model is developed by rolling the mean values of a week by two days. The prediction of this series is evaluated
with proposed RCGM and four other models such as (GM [23], NGM [24], DGM [38] and QGM [20]).

2. The prediction results of the states of Maharashtra, Rajasthan and Delhi are shown in tables. These prediction
results show that pandemic spread is exponentially increasing in these locations and an acute requirement or
advisory is necessary along with the medical help.

3. Inspecting the results of Delhi, we observed that the values of infected cases in the Capital is accurately
predicted by RCGM as the value of MAPE is optimal as compared to others. Also, it is observed that the values
of MAPE are optimal for state of Maharashtra and Rajasthan. The analysis of the MAPE values are depicted in
Figure 3. Addition to that analysis MAE is for these places are also depicted in Figure 4.
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Figure 4. Forecasting Results-MAE.
3.2. Model Il

Table 5, Table 6, Table 7 and Table 8 showcase the results of model Il. After inspecting the results the
following points can be framed:

Table 5. Predicted values from Delhi data Model Il.

Table 6. Predicted values from Maharashtra data Model II.

Table 7. Predicted values from Gujarat data Model Il.
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Table 8. Predicted values from Rajasthan data Model II.
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P niﬁel is developed again. The prediction of this series is evaluated with proposed RCGM and four other grgy
madels.

2. Taguprediction results in terms of MAPE are depicted through Figure 5, from the figure, it is empirical to staie
Q‘Ethe MAPE values are optimal for proposed model. This fact affirms the applicability of of this RCGM model.
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Figure 5. Forecasting Results-MSE for Model-II.

3. In case of all states along with Delhi, the values of MAPE are optimal. Addition to that, Mean absolute errors are
also calculated for this model. Inspecting these values, it is concluded that these values are also quite optimal for
RCGM. The analysis of MAE and MSE are shown in Figure 4 and Figure 5.

3.3. Discussion

Further, with the help of error indices, we can conclude that developed forecast is meaningful as the MAPE
calculated for different models are meaningful. In reference [33] criterion has been employed to judge the quality of
forecast. We conclude that the forecasting performance of the Model-I and Il falls in the range of good and
excellent as MAPE values are less than 10%.

3.4. Recommendations

On the basis of forecasting performance of the RCGM, it is concluded that proposed model yields satisfactory
performance for obtaining the infected cases at the major hot spots of India. Based on the forecasts following
recommendations can be given to the authorities:

« It is empirical to state that the no. of infected cases can be increased in due course of time, hence an acute
arrangement of medical facilities and health care related facilities can be appended.

« An awareness program can be initiated for imparting the education to the rural areas about the disease and its
implications. Addition to that, an online alert can be issued to major spots and guidelines for travel and other
social gatherings can be changed according to the situation.
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. uate arrangements can be done for converting the unused buildings/schools and colleges for conversion in
lief centres of the corona. Also, the awareness programs can be arranged by the people who have

stslhza:%essfully defeated this disease. This can be broadcast on social media and local channels of televisions and

rﬂ). -

Help
4. Gpipclusions

%recasting of a pandemic is a challenging task due to various reasons such as unavailability of the data,
effe-_Pf unexpected influence of policy decisions, public fear and scant facility of the medical resources. During
last=dwm years, the world is fighting hand in hand with corona virus. The work presented in the paper describes

SciProfiles

devmlégggﬁggi&foﬁggi_ggn{)m%sfgrﬁ_cast model based on Cubic polynomial realization. First the mathematical
aspgapRigiisic 3 3v0meitA1q 02¥RIAIRed and then the development of the optimized models is carried out for

ide iy 3@ dnecconpda dofasleshcasesi aindifentishionesiothpdadifaign=discuss_in_sciprofiles)

‘e Twyg time series models based on diverse overlapping periods and rolling horizon are presented. Mathematicgl

wRresentation of these models is presented. Further, the analysis of these models is conducted with the help of
ID-19 case studies at different states of India.

Iz%ts been observed that proposed models produce accurate results as compared to previous reported

approaches on the same data. Comparison of the performance of the models has been done on the basis of

different error indices evaluation. Further, we argue that due to lack of abundant data, we employ grey model

with rolling horizon and also analyses are conducted with the calculation of many indices.

« It is concluded that the proposed approach is effective and yields accurate results and further can be

implemented for improving medical facilities and other life supporting resources.

It would be interesting to observe the performance of RCGM on forecasting of energy price and market
clearing price for the energy markets along with other existing problems that suffers from limited data availability.
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